QUANTUM MEASUREMENTS AND MAPS PRESERVING STRICT 
CONVEX COMBINATIONS AND PURE STATES 
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Abstract. Let S(H) be the convex set of all states (i.e., the positive operators with trace 
one) on a complex Hilbert space H. It is shown that a map ij) : S(H) — > S(K) with 



2 < dim H < oo preserves pure states and strict convex combinations (i.e., for any pi, p2 and 
< t < 1, there exists < s < 1 such that ip(tpi + (1 — t)p^) = stp(pi) + (1 — s)ip(p2)) if and 
only if i]) has one of the forms: (1) p i— > <7o for any p £ S(H); (2) ^(Vur(H)) = {Qi,Q2}; 
(3) p h-> Tr (j^^ f ») ; where cro is a pure state on K and M : H — > is an injective linear 
or conjugate linear operator. For multipartite systems, we also give a structure theorem 
CL|. for maps that preserve separable pure states and strict convex combinations. These results 



allow us to characterize injective (local) quantum measurements and answer some conjectures 



proposed in [8]. 



1. Introduction 

in 

In the theory of quantum information, a state is a positive operator of trace 1 acting on 



a complex Hilbert space H. Denote by S(H) and Vur^H) respectively the set of all states 
and the set of all pure states (i.e. rank-1 projections) on H. In quantum information theory 
we deal, in general, with multipartite systems. The underlying space H of a multipartite 
composite quantum system is a tensor product of underlying spaces Hi of its subsystems, 



that is H = Hi <g> H2 • • • H n . If n = 2, the system is called a bipartite system. The 
definition of multipartite separability was introduced in [13] as a natural extension of the 
notion of separability in bipartite case |14| . Let us denote the set of all states in an n-partite 
system by S(Hi (g> • • • ® H n ). In the case dimH < 00, a state p £ S(H\ (g> • • • ® H n ) is said to 
be (fully) separable if it admits a representation of the form 

(!) ^ ... «, » 
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where pi > with YliPi = I anc ^ Pi e $(Hk)- Otherwise, p is said to be entangled. Denote 
by respectively 5 sep (Hi (&H2 ® • • • <8> -ffn) and Vur sep (Hi ®H% <8> • • • §5 -ffn) the set of all separable 
states and the set of all separable pure states on Hi (g) <8> • • • ® -f^n- It is obvious that 

Vur scp (Hi <g> iT 2 ® • • • <8) fT n ) = Vur(H x ) ® Vur(H 2 ) ® • • • ® Vur(H n ) 
= {P x ® P 2 ® • • • ® P n : ^ G Vur(Hi),i = 1, 2, . . . , n}. 

The theory of maps on the set of states plays an important role in quantum computation 
and quantum information science. It is important to understand, characterize, and construct 
different classes of maps on states. For instance, all quantum channels and quantum operations 
are completely positive linear maps; in quantum error correction, one has to construct the 
recovery map for a given channel; to study the entanglement of states, one constructs NCP 
(non completely positive) positive maps and entanglement witnesses. Many researchers pay 
their attention to the problem of characterizing the maps on the states; ref. [TJ [21 13 [6] . 

Recently, authors also pay their attention to characterizing convex combination preserving 
maps. Recall that a map eft between convex sets is said to be (strict) convex combination 
preserving if, for any p, a G S(H) and t G [0, 1] (t G (0, 1)), there is some s with < s < 1 
(0 < s < 1) such that (f>(tp + (1 — t)cr) = scfi(p) + (1 — s)4>(a). It is obvious that (ft preserves 
(strict) convex combination if and only if cft([p,a]) C [(ft(p), (f>(cr)} (<ft((p, c)) C ((ft(p), cft(a))), 
where [A, B] stands for the closed (open) line segment joint A and B, that is, [A, B] = 
{tA + (1 - t)B : < t < 1} ((A, B) = [A, B] \ {A, B}, here we define (p, p) = {p}). 

We remark that the maps preserve strict convex combinations are closely related to quantum 
measurements. In quantum mechanics a fine-grained quantum measurement is described by a 
collection {M m } of measurement operators acting on the Hilbert space H corresponding to the 
system satisfying Yl m ^mMm = I] re f- f° r example, [I]. Let Mj be a measurement operator. 
If the state of the quantum system is p € <S(H) before the measurement, then the state after 
the measurement is ^(m'pM*) whenever MjpMj ^0. If Mj is fixed, we get a measurement 
map cftj defined by (ftj(p) = ^(M-pM*) fr° m the convex subset Sm 3 (H) = {p : MjpM* ^ 0} 
of the (convex) set S(H) into S(H). If Mj is invertible (injective), then cftj : S(H) — » S(H) 
is bijective (injective) and will be called an invertible (injective) measurement map. Observe 
that a measurement map is strict convex combination preserving. Another feature of the 
quantum measurement maps is that they send pure states to pure states. Thus, it is a natural 
and basic task to study the following 

Problem (1°) How to characterize the maps on convex subsets of states that preserve pure 
states and strict convex combinations, and reveal the relation of such maps to the quantum 
measurements. 
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This topic was firstly attacked by [5j. It is shown that a bijective map </> : S(H) — > S(H), 
dim if > 2, is (strict) convex combination preserving if and only if (f> is an invertible quantum 
measurement map or the composition of transpose and an invertible quantum measurement 
map, that is, <fi has one of the following forms p xr^pM* ) or P ^ Tr(M^M*) ' w here M 
is an invertible operator and p* is the transpose of p with respect to an arbitrarily fixed 
orthonormal basis. Note that 4> is a bijective (strict) convex combination preserver implies 
that 4>{Vur(H)) = Vur(H). 

Next let us consider the multipartite systems. Every local quantum measurement map 
4> of the form <p(p) = Tr(^0T)p(!^T) * ) * s a S ^ T1C ^ convex combination preserving map from 
{p G S(Hi ® H 2 ) : (5 <g> T)p(S ® T)* ^ 0} into S(Hi <8> H 2 ), which sends separable pure 
states into separable pure states as well as sends separable states in the convex subset {p G 
S scp {Hi®H 2 ) : (S®T)p(S®T)* ^ 0} into separable states, where S G B(H X ) and T G B(H 2 ). 
This fact makes it interesting to study the inverse problem, that is, 

Problem (2°) How to characterize (strict) convex combination preserving maps between 
the convex subsets of S{H\ ® H 2 ) which send separable pure states to separable pure states 
and reveal the relation of such maps to the local quantum measurements. 

For the case dim if i ® H 2 < oo, if a map preserves separable pure states, then it preserves 
separable states. So, without loss of generality, we may S(Hi (g> H 2 ) by S sep (Hi <S> H 2 ) in 
Problem (2°) if we consider only the finite dimensional systems. 

Recall that a state p G S{H\ ® H 2 ) is called a product state if p = p\ <g) p 2 for some 
Pi G S(Hi), i = 1, 2. Let <p : S sep (Hi <g> H 2 ) — > S sep (Hi <S> H 2 ) be a bijective map. In [8], 
based on the work of [5], it is shown that, if (j) 1S (strict) convex combination preserving 
and if 4>{Pi ® P2) is a product state for any Pj G S{Hi) with rankp = 1 and rankPj = 2 
(1 < i 7^ j < 2), then is a composition of an invertible local quantum measurement (i.e., the 
map of the form p 1— >• Trf(s®T P )^p(s®T) * ) w ith S, T invertible) and some of the following maps: 
the transpose, the partial transpose and the swap. It is conjectured in [S] that 

Conjecture (3°) The additional assumption 



4>{P\ <S> P2) is a product state for any Pi G S(Hi) with ^ 
rankPj = 1 and rankPj =2, (1 < i ^ j < 2) 

is superfluous. 

Note that the local quantum measurement maps, the transpose with respect to a product 
basis, the partial transposes and the swap are all maps preserve separable pure states and 
strict convex combinations. Moreover, they also preserve product states, that is, they send 
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the state of the form p ® a into the state of the form p' ® a 1 . It was also conjectured in [8j 
Conjecture 5.2] that 

Conjecture (4°) Let (ft : S sep (Hi (g> H2) — > S sep (Hi (g) H2) be an infective map. If (ft is 
convex combination preserving and separable pure state preserving, then (ft preserves product 
states. 

The present paper is to continue the study of above mentioned questions for finite dimen- 
sional systems. In this paper, a map is said to be essentially a (local) quantum measurement 
if it is a (local) quantum measurement or a composition of a (local) quantum measurement 
with any one of the following maps: the transpose, the partial transpose, and the swap. 

In Section 2 we discuss the problem (1°) and characterize successfully the maps ip from S{H) 
into S{K) with 2 < dimilf < 00 that preserve strict convex combinations and pure states, 
which generalizes the main result in [5] . We show that such maps ip have one of the following 
three forms: (1) ip is contractive to a pure state, i.e, there exists a pure state Q € Vur{K) 
such that ip{p) = Q for all p £ S(H); (2) there exist distinct pure states Qi € Vur(K), 



i = 1,2 such that ift{Vur(H)) = {Qi,Q 2 }, and ip(S{H)) C [Qi,Q 2 ]; (3) dimfl" < dimK and 



an arbitrarily fixed orthonormal basis of H, that is, ip is essentially an injective quantum 
measurement (see Theorem 2.5). Note that, by our result, if ip is strict convex combination 
preserving and pure state preserving and if ip is not continuous, then ip must have the form 
(2), and an example of such map is given (Remark 2.7). 

In Section 3 we study the problem (2°) for bipartite systems. Based on the results obtained 
in Section 2, we are able to give a structure theorem of maps ip : S sep (Hi^iH2) — > S sep (Ki®K2) 
that preserve strict convex combinations and separable pure states. We show that such maps 
can have ten possible forms (Theorem 3.2). Consequently, if the range of ip is non-collinear 
or a singleton, then ip sends product states to product states (Corollary 3.3), which answers 
the conjecture (4°) raised in [5] affirmatively; and moreover, if the range of ip also contains 
a state a so that its reductions Tri(cr) and T^cr) both have rank > 2, then ip is essentially 
an injective local quantum measurement (Corollary 3.4). Particularly, we show that the 
additional condition Eq.(l.l) is not necessary for the main result of [8J, this answers another 
conjecture in [8J, that is, (3°) mentioned above. 

Section 4 is a brief discussion of the same topic for multipartite systems. The similar 
structure theorem is valid for maps ip : S sep {H\ <S> H2 <S> • • • <S> H n ) — > S scp (Ki ® K2 <S> • • • <S> K n ) 
that preserve strict convex combinations and separable pure states, but with more complicated 



there exists an injective operator M € B(H, K) such that ip(p) 



or W = 57m^1 for a11 P e s ( H )i where At is the 
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expressions. Particularly, if the range oitp is non-collinear or a singleton, then tp sends product 
states to product states; and moreover, if the range of ip contains a state a so that each 
reduction Tr l (a) has rank > 2, then tp is essentially a local injective quantum measurement 
(Theorem 4.1, Corollary 4.2). 
Section 5 is a short conclusion. 

2. Maps preserving pure states and strict convex combinations 

In this section we discuss the problem (1°) and characterize the maps between the convex 
sets of quantum states that send pure states to pure states and preserve the strict convex 
combinations. 

We start by giving a simple lemma. 

Lemma 2.1. Let {Qi,Q2, • • • ,Qr} be a linearly independent set of rank one projections 
acting on a Hilbert space H . If Ya=i ^iQi = Po is a projection for some ti > 0,i = 1, 2, . . . , r, 
then {Qi}l = i are orthogonal and ti = 1 for all i. 

Proof. There are unit vectors X, G H such that Qi = Xj ® x%. If 5^1= i MQi = Po is a 
projection for some tj > 0, then Pq = Pq > 0, and thus (X)I=i tiQi) 2 = YH=i ti 2x i ® x % + 
Si=<y Utj(xj,Xi)xi <S> Xj = Ya=i ti x i ® x i- Tnis implies that 

r 

y~]tjtj(xj,Xi)xi 8) Xj = y~] (tj - t 4 2 ) ^ (g) Xj (2.1) 

i^j i=l 

Since {xj}[ =1 is a linearly independent set, there exist {yj} r j = i C -fT, such that {yj,Xi} = 5ij. 
Letting the two sides of Eq.(2.1) act at yj (1 < j < r) respectively, we get Yli^j titj( x j, x i) x i = 
(tj — tj)xj. It follows that tj — tj=0 and titj{xj,Xi) = 0. Thus tj = 1 for all j and (xj, Xj) = 
for any i ^ j, that is, {Qi}£ =1 is an orthogonal set of rank one projections. □ 
Let H m be the real linear space of all m x m Hermitian matrices and let V m be the set of 
all rank-1 m x m projection matrices. The next lemma comes from [3] which can be viewed 
as a characterization of linear preservers of pure states. Also, ref. [S] for infinite dimensional 
case. 

Lemma 2.2. Suppose <f> : H m — > H n is a linear map satisfying 4>(V m ) Q V n . Then one of 
the following holds: 

(i) There is Q € P„ such that <p(A) = Tr (A)Q for all A E H m . 

(ii) m < n and there is a U £ M nxm with U*U = I m such that 4>(A) = UAU* for all 
A e H m , or 4>{A) = UA f U* for all A £ H TO . 

The following lemma is the main result in [12J, which gives a characterization of strict 
convex combination preserving maps in terms of linear ones. 
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Lemma 2.3. Let X and Y be real linear spaces and D C X a nonempty convex subset. 
Assume that <\> : D — > Y is a strict convex combination preserving map such that 4>(D) 
is non-collinear (i.e., (f)(D) contains a nondegenerate triangle). Then, there exist a linear 
transformation A : X — > Y , a linear functional f : X — > M ; a vector yo £ Y, and a scalar 
b G M such that 

f(x) + b > for all x G D 

and 

Ax + y 

4>( x ) = "T7 — \ 7 J or ail x £ D. 

f(x) + b 



By using of Lemma 2.1 and Lemma 2.3 we can prove the following lemma, which is also 
crucial for proving our main result. 

Lemma 2.4. Let H be a complex Hilbert space with 2 < dimH = r < oo and <p ■ <S(H) — > 
S(H) be a pure state and strict convex combination preserving map. 7/0(^1) = ^L and ran</> 
is non-collinear, then (p is affine. 

Proof. As (f) preserves pure states and strict convex combinations, by Lemma 2.1, 4>{j.I) = 
jj implies that (f> maps orthogonal pure states to orthogonal pure states. Also, by Lemma 
2.3, <f> is strict convex combination preserving and ran0 is non-collinear together imply that 
(j) has the form 4>(p) = yr^r^[ for any p € S(H), where T : B sa (H) — > B sa (H) is a linear 
transformation, / : B sa (H) — > M is a linear functional, D G B sa (H) and rf£R with f(p)+d > 
for all p € S(H), B SSl {H) is the real linear space of all self-adjoint operators in B{H). Since 
dimH < oo, T and / are continuous. It follows that (ft is continuous. To prove the lemma, we 
consider two cases of dim H > 2 and dim H = 2 respectively. 

Case 1. dimH > 2. 

We will show that / is a constant on S(H), that is, there is a real number a such that 
f(p) = a for all p G S(H). 

For any normalized orthogonal basis {ej}[ =1 of H, let Pj = <8> &i- We first claim that 
f(ei <g) ei) = f(ej <g) tj) for any i and j. Since <f> preserves pure states, there is a pure state 
Qi = Xi® Xi such that 

Xi ® xi = Qi = 4>(Pi) = ® et \ + D j - 

f{ei ®ei)-\-d 

So 

r(ej <g) ej) + D = (/(ej <g> e^) + <f)(xi <g> x«). 
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As <Kf) = 7 and 7. = 7. E[=i e i ® e», we have 

/ = , f i^ , _ r(Ei=i Eg g fO + g _ Ej=i l T ( e * g e ») + 



that is, 



/ _ f(ELi( r (^ ® e *) + £>)) _ ELi(r( ei ® ei) + d) 



r £(EI=i(/te ® ei) + d)) Er=i(/(e< ® *) + d) ' 
Let = r(ei ej) + -D and Oj = /(ei (g> ei) + d. Then = a^Qi and the above equation 
becomes to 

,A 1 + A 2 -\ VAr. ,a\Q\ + a 2 Q2 H ha r Q r . 

i = r( ) = r( ). 

ai + a2 + • • • + a r ai + a2 H + a r 

Applying Lemma 2.1, we see that a +a ^... +ar = 1 for each i = 1, 2, . . . , r and hence 

ai + a 2 H h a r 

ai = a 2 = • • • = a r = . 

r 

This implies that there is some scalar a such that /(ej ei) = a holds for all i. Now for 
arbitrary unit vectors x, y G H, as dim if > 2, there is a unit vector z € H such that 
z € [x,y] L . It follows from what proved above that f(x <g) x) = f(z <g> z) = f(y <g) y). So 
/(x (8> x) = a for all unit vectors x € H. Since each state is a convex combination of pure 
states, by the linearity of /, we get that f(p) = a holds for every state p. Therefore, we have 

a + a 

holds for all p. Then by the linearity of T, it is clear that 4> is affine, i.e., for any states p, a 
and scalar A with < A < 1, (f>(Xp + (1 - A)cr) = X(f>(p) + (1 - A)0(cr). 
Case 2. dimF = 2. 

By fixing an orthonormal basis of H we may identify with 1S2, the convex set of 

2x2 positive matrices with the trace 1. Then <p : S 2 — > S2 is a map preserving pure states 
and strict convex combinations satisfying $(^I 2 ) = \^2- Let us identify £2 with the Bloch 
ball representation (M 3 )i = {(x, y, z) 1 € M 3 : x 2 + y 2 + z 2 < 1} by the following way. Let 
7r : (M 3 )i — > S 2 be the map defined by 



(x,y,z) 




z x — ty 
x + iy —z 



7r is a bijective affine isomorphism. Note that v = (x, y, zf satisfies x 2 + y 2 + z 2 = 1 if and 
only if the corresponding matrix ir(v) is a pure state, and = (0, 0, 0)* if and only if the 
corresponding matrix is 7r(0) = \l. The map 4> '• <?2 — > $2 induces a map cf> : (M 3 )i — > (M 3 )i 
by the following equation 

0(p)=7r(0(vr- 1 (p))). 
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Since <p is pure state and strict convex combination preserving and continuous, and ir is an 
affine isomorphism, it is easily checked that the map (f> is strict convex combination preserving 
and maps the surface of (M 3 )i into the surface of (M 3 )i- Since (f>(\l) = \l, we have that 
(f>((0, 0,0)*) = (0,0,0)'. It is also clear that the range of ip is non-collinear. 

Now applying Lemma 2.3 to 0, there exists a linear transformation L : M 3 — > R 3 , a linear 
functional / : M 3 — > R, a vector uq G M 3 and a scalar r € R such that /((a;, y, zf) + r > and 

f({x,y,zy )+r 

for each (x, y, z) T G (R 3 ) x . Since 4>((0, 0, 0) T ) = (0, 0, 0)', we have u = and r > 0. Further- 
more, the linearity of / implies that there are real scalars r±, r 2 , r 3 such that f((x,y,zY) = 
r\x + r 2 y + r 3 z. We claim that ri = r 2 = r 3 = and hence / = 0. If not, then there is a vector 
(x , y , z ) T satisfying Xq + yl + Zq = 1 such that f({x ,y , z ) T ) = r ± xo + r 2 y + r 3 z / 0. It 
follows that 

n £((aro,yo,zo)*) „ 



\\(f)((x ,yo,zo) 



nx + r 2 y + r 3 zo + r 



and thus 



Similarly 



\L((x , y , z )*)|| = nx + r 2 y + r 3 z + r. 



||£((-zo, -2/0, -^o)*)|| = ~nx - r 2 y - r 3 z + r. 

By the linearity of L we have r±xo + r 2 y$ + r 3 zo + r = — r\XQ — r 2 yo — r 3 ZQ + r. Hence 
r\Xo + r 2 yo + r 3 ZQ = 0, a contradiction. So, we have / = 0, and thus <j> = £ is linear. Now it 
is clear that </> is afhne as tt is an affine isomorphism. □ 

The following is the main result of this section which gives a characterization of maps 
preserving pure states and strict convex combinations. 

Theorem 2.5. Let H,K be complex Hilbert spaces with 2 < dimH < oo and S(H),S(K) 
the convex sets of all states on H,K, respectively. Let tp : S(H) — > S(K) be a map. Then 
tp preserves pure states and strict convex combination (that is, tp(Vur(H)) C Vur(K) and 
tp((p, a)) C (tp(p),ip(a)) for any p, a G S(H) ) if and only if one of the following holds: 

(1) There exists ao G Vur(K) such that ip(p) = oq for all p G S{H). 

(2) There exist distinct pure states Qi G Vur(K), i = 1, 2 such that ip(Vur(H)) = {Qi,Q 2 }, 
and a map h : S(H) — > [0, 1] such that, for any pi, p 2 £ S(H) and any t G (0, 1), h(tpi + (1 — 
t)P2) = sh(pi) + (1 — s)h{p 2 ) for some s G (0, 1), and ip(p) = h(p)Q\ + (1 — h{p))Q 2 for all 

peS(H). 
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(3) dimH < dim.fr and there exists an injective operator M G B(H,K) such that ip(p) = 
Tr(MpM*) f or a ^ P e S(H), or ip{p) = Tr^Mp^M*) f or a ^ P e ^(H), where A 1 is the transpose 
of A with respect to an arbitrarily fixed orthonormal basis of H. 

We remark here that the form (3) can be restated as: 

(3') dim H < dim if and there exists an injective linear or conjugate linear operator M : 
H — >■ K such that ip(p) = Tr^MpM*) f or a ^ P e $(H). 
This statement is more convenient some times. 

The following corollary is immediate, which essentially gives a characterization of injective 
quantum measurement maps or the transpose of an injective quantum measurement. We say 
that a map ip is open line segment preserving if ip((p,o~)) = (ip(p),ip(o~)) for any p, a. 

Corollary 2.6. Let H, K be complex Hilbert spaces with 2 < dimH < oo and ip : S(H) — > 
S(K) be a map. Then the following statements are equivalent. 

(1) ip is strict convex combination preserving with vp(Vur(H)) C Vur(K) and non-collinear 
range. 

(2) is open line segment preserving with ifj(Vur(H)) C Vur(K) and non-collinear range. 

(3) dimH < dim.fr and there exists an injective operator M £ B(H,K) such that t/j(p) = 

Tr(MpM*) f or al1 P G or ^(p) = T^Mp^M*) f or al1 P G S ( H )' where A 1 is the transpose 

of A with respect to an arbitrarily fixed orthonormal basis of H. 

Particularly, if ip is bijective, then, by [SJ Lemma 2.1], we have ifj(Vur(H)) = Vur(K). Also 
the surjectivity of ip implies the surjectivity of M. Thus the above corollary is a generalization 
of the main result in [5] for finite dimensional case. 

Remark 2.7. In the cases (1) and (3) of Theorem 2.5, the map rp is continuous. However, 
in the case (2), t/j is not continuous and may have erratic form. For example, Assume H is of 
dimension 2. Let Q\,Q2 be two distinct pure states on K. Divide Vur(H) into two disjoint 
parts Vur(H) = V\ U V 2 with the property P € V\ <=> G V 2 and define t/)(P) = Q x if 
P G Vx\ H p ) = Qi if P G ^2; ^{tPi + (1 - t)P 2 ) = i(Qi + Q 2 ) if Pi €Vi,i= 1,2, and 
t G (0, 1), where Q\, Q 2 are any distinct pure states on K. Then, ip : S{H) — > S(K) is strict 
convex combination preserving and ip(Vur(H)) C Vur{K). ip has the form (2) in Theorem 
2.5. 

Now let us start to prove the main result of this section. 
Proof of Theorem 2.5. 

If ip has the form (1), (2) or (3), it is clear that ip is pure states and strict convex combination 
preserving. Conversely, assume that ip is pure states and strict convex combination preserving. 
We will show that ip has one of the forms stated in (1), (2) and (3). 
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Assume dimP = m < oo. 

As ^1 G S(H), where I is the identity on H, ip(^I) is positive with trace 1. So tp(^I) = 
Tv(RR* ) ^ or some bounded linear operator P from H into K. 

Claim 1. dim rani? < m and vanip(p) C rani? holds for all p G S(H). 

Firstly we will show that ran-0(P) C rani? holds for any pure state P G S(H). Let P = P\. 
There exist pure states {P2, ■•• , P m } such that {Pi , P2, • • • , P m } is an orthogonal set satisfying 
Pi + P2 + • • • + P m = I. Since ip is strict convex combination preserving, there are pi G (0, 1) 
(i = 1, 2, • • ■ , m) with YliLiPi = 1 such that 



RR* 1 1 m 



Note that tp(Pi)s are rank-1 projections by the assumption. It follows that dimranP < 
YliLi dimran^(Pj) < m and, for any i, we have < tp(Pi) < P^ 1 t^Kr*)- Hence ram/>(Pi) C 
ranP for all i. Particularly, ran^(P) = ran^A(Pi) C ranP. 

For any p G S(H), let p = Y^T= 1 be its spectral resolution. As ij > 0, YliU = 1 and 
ijj is strict convex combination preserving, there are Sj G [0, 1] with Sj = 1 and s« = 
if ti = such that ijj(p) = TJ™ 1 Si^(Pi)- Now ^ * s d ear that ran^(p) C ranP because 
ran^(Pj) C ranP for alH = 1, 2, . . . , m. 

As a result, if P is of rank-1, then it is clear that ip has the form (1) in Theorem 2.5. 

So, in the sequel, we assume that rank(P) = r > 2. Thus we can define the map <fi : 
S(H) -> S(H) by 

= Tr(p[-^ (/ ,)p[-i]*)' (Z2) 
where pH is the Moore-Penrose generalized inverse of P. It is clear that 4>(Vur(H)) C 
Vur{H) and preserves strict convex combination. Write 4>(^I m ) = t^q^)> wnere Qo = 
p[ _1 lp. This implies that Qo is a projection with rankQo = r < m. It follows that, there 
exists an orthonormal set {e\, . . . ,e r } C H such that Yli=i 4>{Pi) = Qo, where Pj = e, ® ej. 
Let Pi = spanjei, . . . , e r } and P~i = Qq(H). Then dim Pi = dimP~i = r and = <f>\s(H!) '■ 
S(Hi) — > <S(Pi) is a strict convex combination preserver sending pure states to pure states. 
As 0(£iffi) = X)i=i Qi4>{Pi) = ^"S** is an invertible state on Pi, it induces a strict convex 
combination preserver (f) : 5(Pi) -»• 5(Pi) satisfying ^ur^)) C Vur{H x ) and ^IffJ = 
^/hd where is defined by 

fo) = ■ (2.3) 

TrOS-VO^S- 1 *) 

It follows that maps orthogonal pure states to orthogonal ones. 
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Claim 2. If r > 3, then there is a unitary operator U : Hi — > Hi such that either 
4>(p) = UpU* for every p G S{H\) or tj)(p) = U p l U* for every p G S(H\). 

If r > 3, then (f>(S(Hi)) contains at least 3 rank one projections which are orthogonal to 
each other and hence non-collinear. So, by Lemma 2.4, <j) is affine, that is (j>{tp + (1 — t)a) = 
t<p{p) + (1 — t)<j)(<j) holds for any p, a G S{H\) and t G [0, 1]. Thus <p is injective and can be 
extended to an injective linear map from B sa = H r into £> sa = H r . 

Now by Lemma 2.2, there is a unitary operator U : Pi — > H\ such that either 4>(p) = U pU* 
for every p G S(H\) or (f>(p) = U p l U* for every p G S(H\). 

If P and Q are projections and PQ = 0, we say that P and Q are orthogonal, denoted by 
P±Q. P ± stands for I — P. 

Claim 3. If r = 2, then either 

(i) there exist V\,Vi C Vur{H\) satisfying Pi U = Vur{H\) and P,l2 — P can not be in 
the same 7^; and there exist Q\, Q2 G Vur{H\) with Q1-LQ2 such that ^(Pj) = {Qi}, i = 1,2, 
and ) C [Qi,Q 2 ]. 

(ii) there exists a unitary operator J7 : H\ —> H\ such that either 0(p) = J7 for every 
p G S{H\) or ^(p) = ?7p*C/* for every p G S(H±). 

If there exist Qi,Q2,Q3 & <X*5(-^i)) such that they are non-collinear, then Lemma 2.4 is 
applicable. It follows that <j) is affine and can be extended to a linear or conjugate linear 
map, still denoted by (j) from H2 into H2, which is unital and rank-1 projection preserving. 
Therefore, use Lemma 2.2 we see that (ii) is true. 

Assume that (f>[S{H\) is collinear; then there exist Pi,P2 G S(Hi) such that 4>(Pi) = Qi, 
Q1 + Q2 = h and C [Qi,Q 2 ]. It entails that ^{Vur^)) = {Qi,Q 2 }. Let Vi = 

* = 1,2. Then, p 1 nP 2 = 9 and Pi U P 2 = Vur{H{). If P G Pi, then 

^ (P) + ^(pl) = (P + pi)) = 1 j 2 . 

So ^(P^) = Q 2 , and P- 1 G P 2 . Now, it is clear that (i) holds. 

Claim 4. If r = m > 3, then Y>(p) = ^ggg^ for all p G 5(P); or V(p) = ^%*) for 
all p G S(H), where M : P — > K is an injective linear operator. So, Y> has the form (3) of 
Theorem 2.5. 

In fact, in this case we have 4> = 4> = <f>- By Claim 2, there is a unitary U : H —> H such 
that 0(p) = UpU* for all p or <f>(p) = U p l U* for all p. Let M = RU . Then M : P ->■ K is 
injective and the claim holds. 

By use of Claim 4, the following claim is obvious. 

Claim 5. If r = m = 2, then either -0 has the form (3) or has the form (2) of Theorem 2.5. 
Claim 6. If 2 = r < m, then tp has the form (2). 
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As r = 2, <j> has two possible forms (i) and (ii) stated in Claim 3. 

If (f> has the form (i), then there exist distinct pure states Qi, Q2 on K such that ip(Vur(H)) = 
{Qi, <?2}- It is clear that, in this case, we have ip(p) £ [Qi, Q2] for every p € S(H), that is, ijj 
is of the form (2) stated in Theorem 2.5. 

We assert that the case (ii) does not occur. If <f> takes form (ii), then there exists an 
orthogonal set of pure states {Pi = e\ e±, . . . , P m = e m <g> e m } such that ran(^) = S(K\), 
where K\ = span{iti, 1*2} with «j ® «j = ipfe <8> e«), i = 1,2. Thus V is continuous when 
restricted on S(H{) with f/i = span{ei, e 2 }. Note that ip{P^) = ip{P\) or ip{P 2 )i say ^(Pa) = 
V'(Pi) = Qi- Let P(a,fi) = (aei + /3e 2 ) (aei + (3e 2 ) € Vur(Hi), where a,/3 e C satisfying 
|a| 2 + \/3\ 2 = 1. Then, P(a, /?) is continuous and hence ip(P(a, (3)) is continuous in a, /?. Since 
{P(a,(3),P(/3, — a),Ps, . . . ,P m } is still a complete orthogonal set of rank-1 projections, one 
of them must be Y>(Pa) = Qi and another be Q 2 . It follows that the range of Y>(P(a,/3)) can 
take at most two distinct value and thus must be a constant function. However, ^;(P(1,0)) = 
V'(Pl) = Qi and ip(P(0, 1)) = ip(P 2 ) = Q2, a contradiction. So, this case can not occur, 
finishing the proof of Claim 6. 

Claim 7. The case 3 < r < m can not occur. 

On the contrary, suppose m > r > 3. Then by Lemma 2.3, (j) is continuous. Choose any 
orthogonal set of rank one projections {Pi = Xi satisfying ^ = ^- Then there 

exists pi > with Y?=iPi = 1 such that 0(^7) = ^^Pj) = YZiMW = f<2o- 
It follows that m rank one projections (fi(Pi),--- ,(p(P m ) are linearly dependent. Without 
loss of generality, assume {(p(Pi),--- ,<p(P r )} is linearly independent. Then for any j > r, 
there exists ij < r such that 4>(Pj) = 0(Pi-)- So there exist (ft > 0, (1 < a < r), such 
that 4>(^I) = Yli=i Qi^{Pi)- By Lemma 2.1, we obtain that (ft = \ and {</>(Pi)}[ =1 is an 
orthogonal set of rank-1 projections. Consequently we obtain that, for any two orthogonal 
rank one projections Qi = yi0yi, Q2 = J/2 02/2 on H, either (f>(Qi) = 4>(Q 2 ) or (p(Qi)±(f>(Q 2 ). 
Let = (qj/i + (3y 2 ) (cw/i + (3y 2 ), Q' 2 = (A/i - oey 2 ) (/?yi - <5y 2 ), where \a\ 2 + |/3| 2 = 1. 
Clearly Q' 1 ±Q' 2 . We assert that: 

4>(Qi) = HQ2) ^ HQ'i) = HQ2) and ^(QxjX^Qa) <KQ' 1 )-L<KQ' 2 ). (2.4) 

To see this, let /(a,/3) = s(a,/3) = 0(Q' 2 ) and let /i(a,/3) = ||/(a,/3) — ^(«, /3) ||. As <\> 

is continuous, we see that f,g and h are continuous in a, /3. Also note that h(a,/3) G {0, 1} 
for any (a, (3). Hence, if 4>{Qi) = <f)(Q 2 ), then h(l,Q) = 0, which forces h(a,/3) = and 
consequently, f(a,(3) = g(a,f3) for all a, (3; if 4>(Qi)J-<p(Q 2 ), then h(a,/3) = h(0, 1) = 1, 
which implies that f(a,f3)-Lg(a,j3) for all a,/3. So the assertion (2.4) is true. 
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Now for the chosen orthogonal set {Pi}2=i> as 3 < r < m, by what proved above, we 
can rearrange the order of {(p(Pi)} 7 ^ =1 so that {(j)(Pi), . . . , 4>(P r )} is an orthogonal set. Then 
4>(Pi) + • • • + (p(P r ) = Qo, <P(Pr+j) equals to 4>(Pi) for some i with 1 < i < r. 

Assume that there exist two distinguished projections in {(f>(P r+ i), . . . , 0(P m )}, say 0(P r+ i) ^ 
0(P r+2 ). Let P', +1 = (ax r+ i + f3x r+2 ) (ax r+ i + /3x r+2 ) and P' r+2 = (/3x r +i - ax r+2 ) <8> 
(px r+l - ax r+2 ) with |of + |/3| 2 = 1. By Eq.(2.4), /(a, £)i-<?(a, /3), where f(a, 0) = <f>{P' r+x ) 
and g(a, (3) = <t>(P' r+2 )- Since {Pi, . . . , P r , P r ' +1 , P/ + 2> ■ ■ ■ > -^"i * s s * m orthogonal, we see that 
/(a, /?) € {0(Pi), . . . , 4>(P r )}. The continuity of / then implies that f(a, j3) = 4>(Pi ) for some 
1 < *o < r - Similarly, g(a,/3) = ^(P^) for some 1 < ii < r. Since / and g has the same 
range, we must have io = i±, but this contradicts to /(l, 0)_Lg(l, 0). 

Therefore, we may assume that <p(P r+ i) = ■ ■ ■ = (j)(P m ) = 4>{Pi). Now Let P[ = {ax\ + 
/3x 2 ) <S> (ax± + /3x2) and P2 = (/3xi — 0x2) <8> (/3xi — 0x2) with |a| 2 + \/3\ 2 = 1. Denote /(a, /3) = 
<j)(P{) and g(a,f3) = <p{P 2 ). Then by Eq.(2.4) again we have f(a,(3)-Lg(a,f3). Note that 
/(1,0) = <P(Pi) = <p(Pr+i) S {/(a,/3), 5 (Q,/3)}forany(a,/3). This entails {f(a,/3),g(a,/3)} = 
{4>(Pi) , 4>(P 2 )} for any (a, (3). So it follows from the continuity of / and g that f(a, f3) = 4>(Pi) 
and g(a,/3) = <j)(P 2 ), contradicting to the fact that / and g has the same range. So the claim 
is true. 

Combining Claims 1-7, we see that ip preserves pure state and strict convex combination 
will imply that ip takes one of the form (1), (2) and (3), completing the proof of Theorem 2.5. 
□ 

3. Maps preserving separable pure states and strict convex combinations: 

bipartite systems 

This section is devoted to investigating the problem (2°) and giving a structure theorem 
of maps preserve separable pure states and strict convex combinations for bipartite systems. 
Using this structure theorem we are able to answer the conjectures (3°) and (4°) proposed in 
|8j for finite dimensional case. 

We start by a simple lemma which may be found in |10j . 

Lemma 3.1 Let H be a complex Hilbert space of any dimension and T £ S(H) a finite 
rank operator. Then rar [ kT ||P||t,. < HPII2 < II^IItt' where ||T||Tr and \\T\\ 2 are respectively the 
trace-norm and the Hilbert- Schmidt norm ofT. 

Recall that S sep (Hi ®H 2 ) and Vur(Hi) <g>Vur(H 2 ) stand respectively for the convex set of 
all separable states and the set of all separable pure states in bipartite system H\ ® H 2 . The 
following is our main result in this section. 
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Theorem 3.2 Let H\,H 2 , K\,K 2 be complex Hilbert spaces with 2 < dimHi < oo, i = 1,2. 
Let tp : S scp (Hi ® H 2 ) — > (S sep (-fCi (8 i^) a map. If tp preserves separable pure states and 
strict convex combinations, then one of the following statements holds. 

(1) There exists R\®R 2 & Vur(Ki) <g> Vur(K 2 ) such that 

ip(A®B) = R!®R 2 

for all A G S(Hi) and B G S(H 2 ). 

(2) dimi/i < dimiTi, i/iere exist R 2 G Vur(K 2 ) and injective M\ G B{H\,K{) such that 

m ® B) = t!{m!am*) ® R2 for a11 A G and B G 5(jff2) 

or 

M M* 

m ® B) = TviM^M*) ® ^ 2 fOT a11 A G and ^ € 5(i72) - 

(3) dimi72 < dimi^; there exist R\ G Vur{K\) and injective M 2 G B(H 2 ,K 2 ) such that 

^j(A ®B)=R 1 ® ^^BM^) for all A G S(ffx) and B G S(if 2 ) 

or 

^(A ®B) = R 1 ® r^f&M*) fOT a11 A G 5 ™ and ^ G S{H2) - 

(4) dimi^i > dim #2, there exist R 2 G Vur(K 2 ) and injective M\ G B(H 2 ,K{) such that 

® B) = T^imtf) R2 for a11 A G and 5 G S{H2) 

or 

M B^ M* 

^ A ® B) = Tr^'Mf) ^ ^ 2 fOT aU A G and B € 5(i?2) - 

(5) dimi^i < dim if 2 > there exist R\ G Vur{K\) and injective M 2 G B(Hi,K 2 ) such that 

M0AM0 

^(A ®B) = R 1 ® Ti{ m 2 AM*) f ° r a11 A G S{Hl) and 5 G 5(i?2) 

or 

1>{A ®B) = R X ® ^ { m 2 A*MZ) f ° r aH A G 5 ™ ^ B G 5(i72) - 

(6) dimiij < dimifj, % = 1,2, i/iere exist injective M\ G B(H\,K\) and M 2 G B(H 2 ,K 2 ) 
such that 

Mi^i(A)M* M 2 ^ 2 {B)M^ 



ip(A®B) 



Tr(Mitfi(A)M 1 *) Tr(M 2 ^ 2 (-B)M 2 *; 
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for all A G <S(Pi) and P G S(H 2 ), where : B(Hi) ->■ £(Pj), i = 1, 2, is i/ie identity, or the 
transpose with respect to an arbitrarily fixed orthonormal basis. 

(7) dim^/i < dimi^2 and dimP 2 < dimKi, £/iere exist injective M\ G B(H 2 , Ki) and 
M 2 G B{H 1 ,K 2 ) such that 

MAZE)- s M 2 ^(^)M| 

^ v ; Tr(Mi* 2 (-B)M*) Tr(M 2 *i(A)M|) 

/or a// A G S(H\) and P G S(H 2 ), where : B(Hi) — >■ B{Hj), i = 1,2, is the identity, or the 
transpose with respect to an arbitrarily fixed orthonormal basis. 

(8) minjdimPi, dirndl < dimXi, i/iere exist P 2 € Vur(K 2 ) and a strict convex combi- 
nation preserving map (p\ : S sep (Hi ® P 2 ) — > S(K±) such that 

ip(A ® B) = (p-i(A® P) ® R 2 

for all A G S(H~i) and B G S(H 2 ). Moreover, ipi satisfies that for each P ® Q G Vur(H\) ® 
Vur{H 2 ), <p\(P®Q) = Tr^M^QM* ) = Tv{NqPN* ) f or some injective linear or conjugate linear 
(may not synchronously) operators Mp : H 2 — > K\ and Nq : Hi — > K\. 

(9) minjdim Hi, dim H 2 } < dimi^ 2 , there exist Ri G Vur(Ki) and a strict convex combi- 
nation preserving map (p 2 : <S sep (Pi ® H 2 ) — > S(K 2 ) such that 

ip(A ® B) = Ri <g> ip 2 (A ® 5) 

/or aZZ A G S(Hi) and B G S{H 2 ). Moreover, (p 2 satisfies that, for each P ® Q G Vur{H{) ® 
Vur(H 2 ), Lp 2 {P®Q) = FfrfM^TM* ) = Tt(n q pn* ) ; ^ or S0TOe injective linear or conjugate linear 
(may not synchronously) operators Mp : H 2 ^ K 2 and Nq : Hi — > K 2 . 

(10) T/iere exist P/ G Vur(K{) and Q\ G Vur{K 2 ), i = 1,2 such that ip(Vur(Hi) ® 
Vur(H 2 )) = {P{ ® Q' l5 ® Q' 2 } ; and ran(^) C [P{ ® Q' l5 P^ ® Q' 2 ]. 

Proof. Suppose dim Hi = m, dim H 2 = n. If the range of ip is collinear, then it is clear that 
either (1) holds or (10) holds. So, in the sequel, we assume that the range of ip is non-collinear. 
Denote by B sa (H) the real linear space of all self-adjoint operators on the Hilbert space H. 
Consider the partial traces Tri : B s& (Ki ® K 2 ) ->• B S& (K 2 ) and Tr 2 : B SSL (Ki ® K 2 ) ->■ £ sa (.ffi) 
on B S3b (Ki ® if 2 ) = S sa (^i) ® 5 sa (K 2 ) defined by Tri (A ® B) = (TrA)P and Tr 2 (A ® B) = 
(TrP)A Clearly, Tri and Tr 2 are linear maps. Define two maps <pi : (S(Hi),S(H 2 )) — > S(Ki) 
and <fe : (S (Hi) , S (H 2 )) 5(K 2 ) by 

01 (A, P) = Tr 2 (V(A ® P)) and 2 (A, P) = Tri(V(A ® B)). 

Notice that 



^(P ® Q) = ^(P, Q) ® 2 (P, Q) for all P G Vur(Hi) and Q G Vur(H 2 ). 
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Fix a Q G Vur(H 2 ); then the maps fa{-,Q) : S(Hi) -> and <fe(-,Q) : S(Hi) -»• 

S{K2) are both strict convex combination preserving and fa{Vur(Hi),Q) C Vur{K\) while 
4> 2 (Vur(Hi),Q) C Vur{K 2 ). Therefore, applying Theorem 2.5 to fa(-,Q) and (f> 2 (-,Q), re- 
spectively, we get that, for i = 1, 2, either 

(i) there exists pure state G Vur(Ki) such that <fo(.A, Q) = -RjQ for all ^4 G S(H\); 

or 

(ii) there are pure states R^q^R^q G Vur(Ki) and a strict convex combination preserv- 
ing map kg : <S(iTi) -> [0,1] such that </n(Vur(Hi),Q) = {Riq,R 2 q} and &(A,Q) = 
h lQ {A)Rf Q + (1 - for all A G «S(#i); 

or 

(iii) there exists an injective linear or conjugate linear operator M^q : H\ — > Ki such that 
<MA Q) = ^TmX) for all ^4 G S{ Hl ). 

As ^ is strict convex combination preserving and vamp is non-collinear, Lemma 2.3 is 
applicable. Thus we have ip(p) = jf^fj , where T : B sa ,{Hi ® H 2 ) — > B sai (K\ (g> K 2 ) is a linear 
map, D G B sa (Ki <g> i^ 2 ) is an operator, / : B sa (Hi (g> H 2 ) — > M is a linear functional and d G M 
with /(p) + d > for all p G S sep (Hi ® i^)- As both iii and #2 are finite dimensional, T, / 
are continuous. It follows that ip is continuous. So both fa and 02 are continuous on S(H±). 
These facts will be used frequently. 

Let us first consider the map fa. 

Claim 1. Either fa(-,Q) has the form (i) for all Q G Vur(H 2 ) or fa(-,Q) has the form 
(iii) for all Q G Vur{H 2 ). 

As mentioned above, for any fixed pure state Q G Tur(H 2 ), fa(-, Q) takes one of the forms 
(i)-(iii). As fa is continuous, by Remark 2.7 we see that fa(-,Q) can not have the form (ii) 
for any Q G Vur(H 2 ). Thus, for any Q, fa(-,Q) takes the form (i) or the form (iii). 

Furthermore, we will show that either fa(-,Q) has the form (i) for all Q G Vur(H 2 ) or 
fa{-,Q) has the form (iii) for all Q G Vur(H 2 ). 

To do this, for any A G S(-Hi) so that rank(^l) > 2, define F A : Vur{H 2 ) -> R by 
Fa{Q) = ||^i(AQ)||2) where || • \\ 2 is the Hilbert-Schmidt norm. Notice that when fa(-,Q) 
takes the form (i), then Fa{Q) = \\fa(A, Q)\\ 2 = 1; when fa(-,Q) takes the form (iii), then 
<MAQ) = tZ^aI?* ) and F ^(Q) = \\fa(A,Q)\\ 2 = "f QAM fcf < 1 as rankA > 2 and 
Miq is injective. 

If there exist two distinct Qi,Q 2 G Vur(H 2 ), such that fa(-,Qi) has the form (i) while 
fa(-,Q 2 ) has the form (iii), that is, fa(-,Qi) = Riq^ fa(-,Q2) = ^^(.^ ) ■ Let Qi = 
x <S> x and Q 2 = y ® y with unit vectors x,y £ H 2 = C n . Note that x and j/ are linearly 
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independent. For any t G [0, 1], define 

Q ® = \\ x + t (l- x )\\2 ( x + *(f " x )) ® ( x + *(f " x )) G Vur{H 2 ). 

Then, Q(i) is continuous in t, Q(0) = Qi, Q(l) = Q 2 , and 0i(-,Q(i)) has the form (i) or (hi) 
for any t. Fix an A € S(-ffi) with rank.4 > 2 and let t = max{t G [0, 1] : F A (Q(t)) = 1}. Then 
Pa(Q(£o)) = 1 and so <pi(-,Q(to)) has the form (i). Thus ||<?!>i(A Q(io))||2 = 1 for any A G 
S(H\). For any 1 > t > to, <fii(-,Q(t)) has the form (iii). Thus there exist {t n }, t n > to, such 
that <fri(-,Q(t n )) has the form (iii) and t n — > to. Then by Lemma 3.1, for any given sufficient 
small e > 0, there exist {A tn } C <S(iii) with rankA tn = 2, such that \ < \\4>i{A tn ,Q{t n ))\\ 2 < 
\ +e < 1. The reason of the existence of {^4t n } for each n is that, we can find rank-2 operator 
B tn Gran^i(-, Q tn ) such that \ < ||PjJ| 2 < \ + e < 1, thus there exists A tn G S(H{) such 
that P tn = ^m^a^m* ) ■ ^ s ^ s i n j ec ti ve > we see that rankA tn = 2. Now, since S{H\) is 
a compact set, {A tn } C S{H{) has a convergent subsequence {^4t Ui } C {^t n }, say ^4 tn . — )■ A 
as t nj ->■ to- Then the continuity of tp entails that ||(/>i(-A t , Q(t ni ))\\ 2 ~> \\<fii{Ao, Q(*o))|| 2 - 
But this is a contradiction because ||<^>i(Ao, Q(to)) || 2 = 1 and ||0i(A tn . , Q(t ni )) \\ 2 < \ + e < 1. 
Thus either </>i(-, Q) has the form (i) for all Q G Vur{H 2 ) or (f>i(-,Q) has the form (iii) for all 
Q G Vur(H 2 ). 

Similarly, we have 

Claim 1'. Either </> 2 (-,Q) has the form (i) for all Q £ Vur(H 2 ) or </> 2 (-,Q) has the form 
(iii) for all Q G Vur{H 2 ). 

Claim 2. One of the following holds: 

(a) For all Q G Vur(H 2 ), both 0i(-,Q) and </> 2 (-,Q) have the form (i). 

(b) For all Q G Vur(H 2 ), <j>i(-,Q) has the form (i) and (f) 2 (-,Q) has the form (iii). 

(c) For all Q G Vur(H 2 ), <j>i(-,Q) has the form (iii) and 4> 2 (-,Q) has the form (i). 

We need only to check that, for all Q G Vur{H 2 ), <j>i(-,Q) and 4> 2 (-,Q) can not have the 
form (iii) simultaneously. Suppose, on the contrary, there exists Qo G Vur(H 2 ) such that both 
0i("> Qo) and 2 (-, Qo) are of the form (iii). Then there exist injective linear or conjugate linear 

M iQ AM* Q 

operators Miq : H 1 K 1 and M 2 q : Hi ^ K 2 such that 4>i{A, Qo) = ^tttt — AA 7*° ^ for all 
A G S(Hi), i=l,2. Thus, we must have dimPi < minjdim K\, dim K2} and 

iKP ® Qo) = 0i (P, Qo) ® ^(P, Qo) = (tto^^t) ® (tto^^t) 

(M 1Qq ®M 2Qo ) (P®P)(M 1Qo gMgOpT 
Tr((M 1Qo ®M 2Qo ) (P$5P)(M 1Qo ®M 2Qo )* ) 

for all P G Vur(H\). Particularly, take P\ = e\ ® e\, P 2 = £2 <8> e 2 , P3 = ^(ei ei + e\ <S> e 2 + 
e2 <8> ei + e 2 <8> e 2 ) and P 4 = |(ei <S> e\ - e\ <8> e 2 - e 2 (8 ei + e 2 e 2 ). Then Pi + P 2 = P 3 + P 4 
and so Pi ® Qo + P2 Qo = P3 <8> Qo + Pi ® Qo- As ip is strict convex combination preserving, 
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there exist s x G (0, 1) and s 2 G (0, 1), such that 



^{\Pi ® Qo + ® Qo) = si<0(Pi ® Q ) + (1 - si)i>{P 2 ® Qo) 

„ (M 1Q(] ®M 2Qo ) (Pi gPi )(M 1Qo ®M 2Qo )* , _ . (Miq ®M 2 q )(P2<8>P2)(M 1Qo ®M2q )* 

6 lTr((M 1Qo ®M2 Qo )(Pi$5Pi)(M 1Qo ®M2 Qo )*) U S ^ Tr((M 1Qo ®M 2Qo )(P 2 ®P 2 )(M 1Qo ®M 2Qo r) 



and 



^(|P 3 ® Qo + ® Qo) = S 2 t/>(P 3 ® Qo) + (1 - S 2 )^(P 4 ® Qo) 

(M 1Oo (5M 2 q o )(P30P 3 )(M 1Oo 0M 2Qo )* , , (M 1Qo 0M 2 q o )(P40P 4 )(M 1Qo 0M 2 q o )* 

6 2Tr((M 1Qo ®M 2Qo )(P3®P 3 )(M 1Qo ®M 2Qo )*) T ^ Tr((Mi Qo ®M 2Qo )(P 4 ®P 4 )(MiQ ®M 2Qo )*) • 

It follows that there exist cij 7^ 0, i = 1, 2, 3, 4, such that 

aiPi ® Pi + a 2 P 2 ® P 2 = a 3 P 3 ® P 3 + a 4 P 4 ® Pi- 

In fact, ax = Tr((MlQo ®M 2 q ) (Pi ®Pi) (M 1Qo ®M 2Qo )* ) ' °2 = Tr((Mi Qo ®M 2Qo )(P 2 ®P2)(M 1Qo ®M2Q )*) ' 

_ £2 1 — s 2 a p 

"3 - Tr((MiQ ®M2 Qo )(P3<8P3)(M 1Qo ®M2Q )*)' " 4 ~ Tr((M 1Qo ®M 2Qo )(P i ®P 4 ,)(M 1Qo ®M 2Qo )*) • Ab ^ - 

P1 + P2-P3, thenO = aiPi®Pi + a 2 P 2 ®P 2 -a 3 P 3 ®P 3 -a 4 P 4 ®P 4 = P x ® a^i + P 2 ® a 2 P 2 - 
P 3 ® a 3 P 3 - Pi ® a 4 P 4 - P 2 ® a 4 P 4 + P 3 ® a 4 P 4 = Pi ® (01P1 - a 4 P 4 ) + P 2 ® (a 2 P 2 - a 4 P 4 ) - P 3 ® 
(a 3 P 3 — a 4 P 4 ). As Pi, P 2 and P 3 are linearly independent, by [7], we have aiPi — a 4 P 4 = 0, 
a 2 P 2 — a 4 P 4 = and a 3 P 3 — a 4 P 4 = 0, which is a contradiction. So the claim is true. 

Similarly, one can check that 

Claim 3. One of the following holds: 

(a') For all P G Vur(R x ), both (f) X (P, •) and </> 2 (P, •) have the form (i). 
(b') For all P G Vur(H x ), <f>i(P, •) has the form (i) and </> 2 (P, •) has the form (hi), 
(c') For all P G Vur(H x ), (f>i(P, •) has the form (hi) and </> 2 (P, •) has the form (i). 
Claim 4. (a) and (a') can not hold simultaneously. 

In fact, if (a) and (a') hold, that is, for all Q G P«r(P^ 2 ), we have (f>%(A, Q) = P«q, and, for 
all P € Vur(H x ), we have <j>i{P,B) = R iP . Fix P G Vur{H x ) and Q G Vur(H 2 ). Then we 
get 

&(P, Q) = &(P, Qo) = MPo, Qo) = Ri- 

Therefore, ip(P ® Q) = 0i(P, Q) ® <£ 2 (P, Q) = Pi ® P 2 for all P ® Q G Vur(H x ) Vur{H 2 ). 
We know that for any A ® P G S(Pu) ® 5(P 2 ), there exist {Aj}^ C Vur(Hi), {Bj}™ =1 C 
Pur(F 2 ), {a,}™! C [0,1], {fy}?^ C [0,1] satisfying £™ 1 ^ = 1, E"=i &i = 1, such that 
A = Yli?=i a iAi, B = Y^j=ibjBj. Then, there exist Cij > with Ylij°ij = 1 such that 
ip(A <g> B) = j Cijip(Ai ® Pj) = Pi ® P 2 , this contradicts to the assumption that the range 
of ip is non-collinear. So the Claim 4 is true. 
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Claim 5. If (a) and (V) hold, then if; has the form (3), that is, there exist Pi <G Vur{K\) 
and injective linear or conjugate linear operator M 2 : P 2 — > K2 such that 

M 2 BM* 

for all A G S(Hi) and P G S{H 2 ). It is clear that dimP 2 < dimP 2 . 
In this case, for any Vur(R\) <g> Pur(P 2 ) we have 

M 2P QM* P 



ip(P ®Q) = 4>i (P, Q) <8> </»2 (P, Q) = Piq ® R2Q = Rip 



Tr{M 2P QM* p ) ' 



which implies that Riq = R\p is independent of P, Q, and Tr^M^QM* ) = ^ 2( 2' Thus 
for any fixed Q G Pur(P 2 ), ^q^, = T r(M 2 p 2 QM* P2 ) = ^ 2( ? holds for any distinct 
Pi G Pur(Pi) and P 2 G Vur{H x ). Thus for all Q G Vur(H 2 ), we have ^pS^fe ) = 

TriM^QM* 2 ) ' * na t Tr{M^pQM* ) * s independent of P. So there exist Pi G Vur(K\) 
and injective linear or conjugate linear operator M 2 : P 2 — > K2 such that ^(P ® Q) = 
Pi ® Tr(M^QM*) ^ or an se P ararj le pure states P <£> Q. 

Now, for any P G 5(P 2 ) and P G Vur(H\), writing P = ^Jj = \bjBj as in the proof of 
Claim 4, we have Y>(P ® B) = V(P ® YJj=i^j B j) = Ej=i^( f ® 5 i) = E"=i^(^i ® 
Tr^M^^M*) ) = Pi ® Ej=i ^ Tr{M^B^M*) ^ s a P r °duct state. But we already know that 
^(P-) = ivSi . so ^(P ® B )) = MP,B) = Jf^Lv Thus ^(P ®B) = 



P- 1 ® Tr( M 2 bm^) ■ Then, for any A G S(Hi), writing A = YliLi a i^i as m tne proof of 
Claim 4, we obtain ^{A ® B) = V(£™ 1 ^ ® B) = YZi a tt( A i ® B ) = E?=i <(Ri ® 
Tr imBM^ = Ri® (YliLi a 'iT^K§WM*)^ ■> wmcn is a product states. Therefore, we must have 
V>(^4 ® P) = Pi ® Tr{M^BM*) ' wnere ^2 is linear or conjugate linear. In the case that M 2 is 
a conjugate linear operator, it is well known that there exists a linear operator iV 2 such that 

TrSSl) = Tr N (N%%) for a11 B ' S ° tlle claim is trUe - 

Similarly, one can show the following Claims 6-8. 

Claim 6. If (a) and (c') hold, then (4) holds, that is, there exist P 2 G Vur{K2) and 
injective linear or conjugate linear operator M\ : P 2 — > K\ such that 

ib(A ®B) = — — 5— ® P 2 

^ K ' Tr(MiPM*) 

for all A G 5 (Pi) and P G <S(P 2 ). In this case we must have dimP 2 < dim Pi. 

Claim 7. If (b) and (a') hold, then ip has the form (5), that is, there exist Pi G Vur{K\) 

and injective linear or conjugate linear operator M 2 : Pi — >• P 2 such that 



if; (A <8> P) = Pi 



M 2 M 2 * 



Tr (M 2 AM*) 

for all ^4 G 5 (Pi) and P G 5(P 2 ). In this case we must have dim Pi < dimP 2 . 
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Claim 8. If (c) and (a') hold, then there exist i? 2 G Pw(if 2 ) and injective linear or 
conjugate linear operator M\ : Pi — > if 1 such that 

for all A G S(Hi) and B G S(P 2 ). In this case we must have dim Pi < dim if 1. Hence ib 
takes the form (2). 

Claim 9. If (b) and (c') hold, then there exist injective linear or conjugate linear (may 
not simultaneously) operators Mi : H2 — > if 1 and M 2 : Pi — >■ if 2 such that 

, , , M 1 BM? M 2 AMS 

\b (A (£> B) = <X> 
rv 7 ^(Mi^Mj") Tr(M 2 ,4M 2 *) 

for all A G 5 (Pi) and 5 G S(P 2 ). In this case dim Pi < dim if 2 and dimii2 < dim if 1. So 
ib has the form (7). 

Suppose that (b) and (c') hold; then 0i(P, Q) = 0i(P o , Q) = QJ g } and <£ 2 (P, Q) = 

<h{P,Qo) = Tr(M 2Qo PM*l o ) - ThuS > We ° btam 

M 1Pn QM* M 2 Q t) PMX n 



Tv(M 1Po QM* Pq ) Tr(M2 Qo PM* Q() ) 

for all P G Vur{Hi) and Q G Vur(H 2 ), where Mi Po : P 2 ->• if 1 and M 2Qo : Pi ->• if 2 
are injective linear or conjugate linear operators. It follows that dim Pi < dim if 2 and 
dimii 2 < dim if x . Let M x = M 1Po and M 2 = M 2Qo . Then ij>(P Q) = ^^QMt) ® 
Tr(M2PM*) ^ or an separable pure states P ® Q. For any ^4 (g) 5 G S{H\ ® ii 2 ), write 
^4 = E2=i diAi and 5 = Ej=i bjBj by the spectral theorem, where a^, 6j > with E2=i a i = 
l,Y^j=ibj = 1 and AiS, Bjs pure states. Thus, for any Q G 7-'nr(iJ 2 ), ^(^4 ® Q) = 

^(Er=i ^ ® q) = et=i ®q) = Er=i ® JS) ) = 4gfey ® 

°i -&(M^M|) ) iS a P roduct State - As ^(-, Q) = t^m^m*) ' We ° btain that 1^1 (^(^ ® 

Q)) = <£ 2 (AQ) = Tv^fiSi) - So we must have ^ ® Q) = Tr ^gS n ® Tv^fiS 2 *r !t 
follows that ^{A ®B) = iP(A ® E?=i ^) = E?=i ® B,) = E]=i V ^m%%) ® 

TV^i5|) ) = (E"=l^ Tr^f^£ 1 *) ) ^ T^S) - 011 the ° ther halld ' We als ° haVe ^ P ® 

B) = HP^EUb.B,) = ^^(P®^) = E^i^T^fe® T^rSSfe) = 
(Dj=i ^ t^m%% } )® T^k) • MP,') = ifflfiS?) , then T^(P®B)) = (P, B) = 

TrmBMiy TllUS We S et ® 5) = Tr(^S*) ® iffS*) and then ^ ® P ) = 

nl2i=l ViAi <8>B) = Ei=i ® B) = Ei=i Q»( T r(M 1 BA^) ® TVPW%) ) = TVlMxBM*) ® 

Now it is clear that *I>( A b) = Tr ^fS-) ® T^iSi) for an y 

^4 G S(Hi) and i3 G 5(ii 2 ). Hence the claim is true. 
Similarly, we have 
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Claim 10. If (c) and (b') hold, then there exist injective linear or conjugate linear (may 
not simultaneously) operators M\ : H\ — > K\ and M 2 : H 2 — > K 2 such that 

MiAM? m 2 bm; 
ib(A <R> B) = (R) 
^ ' Tr (Mi AM*) Tr(M 2 BM*) 

for all A € S(Hi) and B € S(H 2 ). In this case dimPj < Ki, i = 1,2. Hence in this case ^ 
has the form (6). 

Claim 11. If (b) and (b') hold, then ip has the form (9). 

Assume (b) and (b') hold synchronously. Then for any P®Q E T > ur(Hi)®Vur(H 2 ) we have 
tP(P ® Q) = ^(P, Q) ® ^( P> Q) = R 1Q <g, T ^piq Q ) = Rip ® T^fe - Jt follows that 



there exist Pi € Vur(K x ) such that Piq = P iP = Pi and ^^p^ } = t^m 2 pQM* p ) for 
all P, Q. Thus there exists a strict convex combination preserving map (p 2 ■ S scp (Hi ®H 2 ) — > 

M P QM* p NqPN^ 



S{K 2 ) such that, for each P®Q £ Vur(Hi)®Vur(H 2 ), <p 2 {P®Q) 
for some injective, m, 
Nq:H!-> K 2 , and 



Tr (MpQMp) ~ Tt(NqPNq) 

for some injective, may not synchronously, linear or conjugate linear operators Mp : H 2 — > K 2 , 



ip(p) = Pi <g) (p 2 (p) 

for all p € S sep (H\ ® P^)- In this case maxjdimPi, dimP2} < dimP^- So ?/> has the form 
(9) and Claim 11 is true. 
Similarly, 

Claim 12. If (c) and (c') hold, then ifj takes the form (8). 

Combining the claims 4-12, we complete the proof of Theorem 3.2. □ 
By Theorem 3.2, the following corollary is immediate, which gives an affirmative answer to 

a conjecture in jS], that is, the conjecture (4°), without the injectivity assumption. 

Corollary 3.3 Let ip : S sep (Hi <g> P2) — ► S scp (Ki <g> K 2 ) be a map with 2 < dimPj < 00, 

i = 1,2, and ram/> non-collinear or a singleton (i.e., contains only one element). Ifip preserves 

separable pure states and strict convex combinations, then it sends product states to product 

states. 

Now we give a characterization of injective local quantum measurements, which reveals 
that, in almost all situations the maps preserving separable pure states and strict convex 
combinations are essentially the injective local quantum measurements. 

Corollary 3.4 Let H\, H 2 , Ki, K 2 be Hilbert spaces with 2 < dimPj < oo ; i = 1,2 and let 
ip : S sep (Hi ® P2) S scp (Ki <g) K 2 ) be a map. Then the following statements are equivalent. 

(1) ift is strict convex combination preserving, ip(T , ur(Hi) £3 Vur(H 2 )) C Vur{K\) ® 
Vur(K 2 ) and the range of tp is non-collinear containing a state a so that both reductions 
Tri(cr) and Tr2(cr) have rank > 2. 
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(2) ip is open line segment preserving, ip(Vur(Hi) ®Vur(H2)) C Vur{K\) ®Vur{K<i) and 
the range of tp is non-collinear containing a state a so that both reductions Tr± (a) and T^c) 
have rank > 2. 

(3) Either 

(1°) there exist infective operators M\ G B{H\,K\) and M 2 £ #(#2,^2) such that 

, . _ (Mi g M 2 )$(p)(Mi M 2 )* 
W " Tr((Mi <g> M 2 )$(/))(Mi ® M 2 )*) 

for a// p € <S scp (#i ® i? 2 ); 
or 

(2°) i/iere exisi infective operators M\ £ B(H2,Ki) and M 2 G B{H\,K2) such that 

(Mi (8 M 2 )$(6(p))(Mi (8) M 2 )* 
W ~ Tr((M 1 ®M 2 )$(6(p))(M 1 ®M 2 )*) 

/or aZZ p € <S scp (#i ® i7 2 ). 

//ere $ zs i/te identity, or the transpose, or the partial transpose of the first system or the 
partial transpose of the second system with respect to an arbitrarily fixed product basis, G is 
the swap. 

Proof. (1)<^(2)<S=(3) is obvious, we need to check the (1)=>(3). 

Assume (1). It is clear that ijj has one of the forms Theorem 3.2.(1)-(10) as tp satisfies 
all the conditions of Theorem 3.2. Furthermore, the assumption that there exists a in ram/> 
so that rankTrj(cr) > 2, i = 1,2 forces that ip can only take the form (6) or (7), that is, 

® B) = ^fffjgg.) ® nX$BW!) f ° r aU A ® B G 5scp(Fl ^ 2) ' ° r ^ B) = 
TrtmiTzW*) ® Tr(Mfffl)M 2 «) for a11 A ® B G <Sse P (#i (g> F 2 ), where *j is the identity or the 
transpose with respect to an arbitrarily fixed orthonormal basis, i = 1,2. Thus either 

(i) W ® B ) = T^Tmit^BmTS) for a11 A ® B e 5sc p (jffl ® ^ 2); or 

fill 7/;C4 6?) Bl - W«^2)1'(e(A^B))(M 1 caM 2 )* , „ A o p. o mo rr n 
where $ is the identity, or the transpose, or the partial transpose of the first system or the 
partial transpose of the second system with respect to an arbitrarily fixed product basis, is 
the swap. 

Let 

= (M[- 1] ®M [ - 1] m<S>{p)){M [ ~ 1] ®M [ 2 l] T 
Tr((Ml" 1] ® M 2 [ ~ 1] )^{ P ))(m[~ 1] ® M [ 2 ~ 1] )*) 



if ip has form (i), and let 



A(p) 



[-ih*i 



8[(Mj 1] <g)M| 1] )-0($(/?))(mJ 1] ®M 

Tr((Mj _1] ® m : J" 1] )V'($(/5))(mJ" 11 ® m'~ 1] ; 
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if tjj takes the form (ii). Then A : S Bep (Hi ®H 2 ) — > S sep (Hx <g)H 2 ) is a bijective map preserving 
separable pure states and strict convex combinations. Furthermore A(A®B) = A®B for all 
A®B G S sep (H 1 ®H 2 ). Then by Lemma 2.7], we get A(p) = p for any p G S sep (Hi® H 2 ). 
Now it is clear that ?/> has the form (1°) or (2°), finishing the proof. □ 

The following result is a generalization of the main result in [8] by omitting the additional 
assumption that "for any Pj G S(Hi) with rankPj = 1 and rankPj = 2 (1 < i ^ j < 2), there 
exist P[ G S{Hi) (i = 1, 2) such that $(Pi <8> P2) = P( <8> P2" for finite dimensional case, and 
thus, answer affirmatively a conjecture proposed in [8], i.e., the conjecture (3°), as promised 
in the introduction section. 

Theorem 3.5 Let Hi,Ki, be complex Hilbert spaces with 2 < dim Hi < 00, i = 1,2, and 
ijj : 5 sep (P^i(8'P^2) —> S se p(Ki®K2) an bijective map. Then $ is convex combination preserving 
if and only if either 

(1) there exist invertible operators S G B(Hi,Ki) and T G 6(^2,-^2) such that 



(S®T)*(p)(S®Ty 
nP) Tii(S ®T)V(p)(S ®T)*) 



for all p G S scp {Hi <g> H 2 ); 
or 

(2) there exist invertible operators S G B(H2,Ki) and T G B(Hi,K2) such that 



(s®T)*(e(p))(s®Ty 

WKP) Tr((S®T)V(@(p))(S®Ty 



for all p G S scp (H 1 ® PT 2 ). 

//ere \P is f/ie identity, or the transpose, or the partial transpose of the first system or the 
partial transpose of the second system with respect to an arbitrarily fixed product basis, Q is 
the swap. 

Proof. We need only check the "only if part. By the assumption, tp is bijective and 
strict convex combination preserving from S sep (Hi ® H 2 ) onto 5 scp (i^i ® K 2 ). Particularly, 
the range of tp is non-collinear. By [8], we have ip{Vur sep {H\ ®H 2 )) = Vur sep {K\ ®K 2 ), that 
is, ip preserves separable pure states in both directions. 

Then by Corollary 3.4, ip has either the form (1) or the form (2) with T, S injective. Since 
ip(Vur Bep (Hi <S> H 2 )) = Vur sep {K\ <g> K 2 ), it is clear that both T and S are invertible. Hence 
the theorem is true. □ 
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4. Maps preserving separable pure states and strict convex combinations: 

Multipartite systems 

The results similar to that in Section 3 for bipartite case are valid for multipartite cases, of 
course, with more complicated expressions. The proofs are also similar. In this section we only 
list some of them, which have relatively simple expressions and may have more applications. 
The meanings of the notations used here are also similar to that in Section 3. 

Suppose dimi/j = n^. For 1 < n < ■ ■ ■ < r p < n, define the partial trace which is a linear 
map Tfi.-.'-p : £ sa (®f =1 tf;) -> B sa (® p j=1 H rj ) as follows: 

®? =1 4-- >( n ^)^ =1 ^. 

i^ri,— > r P 

In particular, the linear map Tr r : B 8a (®™ =1 Hi) — > B sa (H r ) is given by Tr r (<8>^ =1 ^4j) = 
(Hi^r Tr(A))^r- We call Tr r (p) the reduction state of p G S(Hi ® H 2 ® • • • ® H n ) in the 
subsystem S{H r ). p G S(®f =1 Hi) is called a product state if p = <8>f =1 Pi for some /Oj G S(Hi). 
The following result corresponds to Corollary 3.3 and Corollary 3.4. 

Theorem 4.1 Lei ip : <S sep (.ffi ® if 2 ® • • • ® #n) — >• 5 sep (ifi ® #2 ® • • • ® ^n) a strict 
convex combination preserving map, with 2 < dim Hi < 00, z = 1,2,--- , n, and ip(Vur(Hi) ® 
Vur{H 2 ) ® ■ ■ ■ ® Vur{H n )) C Vur^) ® Vur{K 2 ) ® • • • ® Vur{K n ). 

(1) 7/ t/ie range 0/ V 7 is non-collinear or a singleton, then ip maps product states to product 
states. 

(2) 7/ t/te range 0/ ^ is non-collinear and contains a state a so that its reduction state 
Tr*(o") aas ran/s > 2 /or eac/i i = 1, 2, . . . , n, t/ien t/iere exist a permutation n : (1, ■ ■ ■ , n) h-> 
(vr(l), • • • , vr(n)) o/(l, • • • , n) and injective linear or conjugate linear (may not simultaneously) 
operators Mj : — ¥ Kj, j = 1, ■ ■ ■ , n, such that 

v _ (Mi ® • • • ® M n )Q^(p)(M* g ■ ■ ■ g M*) 
W Tr((Mi ® • • • ® M n )0^(p)(M 1 * ® ■ ■ ■ ® M*)) 

/or aZZp G 5 scp (i7i®---®i7 n ). #ere 9^ : £ sa (#i ® F 2 ® ■ ■ ■ ® #n) -»• B S3 ,(H„ {1) ® fl^ ® ■ ■ ■ ® 

H w (n)) i- s a linear map determined by Q n (Ai ® A2 ® • • • ® ^4 ra ) = A n ^ ® -4^(2) ® ■ • • ® -A^n)- 

It is cZear t/iat dimH T ^ < divuKj. 

Proof. We give a skeleton of the proof. If the range of ip is collinear, it is clear that 

either ip contracts to a pure state or there exist distinct separable pure state a\ and a 2 

such that ip(Vur(Hi) ® Vur(H 2 ) ® ••• ® Vur{H n )) = {ai,a 2 } and ran(^) C [0-1,0-2]. Thus, 

in the sequel, we assume the range of ip is non-collinear. For r = 1, • • ■ , n, define maps 

r : (SGffi)," - ->S(tf r ) by 

0r(Ai,--- ,A n ) = Tr r (iP{^ =1 A i )) for all (A u --- ,A n ) G (<S(#i),-- - ,£(#„)). 
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Notice that 

^(®? =1 P i ) = ®?=i0r(A," - ,Pn) for all (Pi,-- - , P n ) G (Vur(Hi), ■ ■ ■ ,Vur{H n )). 

Given arbitrary Qi G Vur(Hi) for i = 2, • • • , n, the map (j) r (-,Q 2 , ■ ■ ■ iQn) maps Vur(H\) 
into Vur(K r ) and also preserves strict convex combination. Then by Theorem 2.5, the map 
</v('j £?2> • • • 5 Qn) must have the form (1) or (2) or (3) stated in Theorem 2.5. 
Firstly we claim that 

Claim 1. (f) r (-, Q2, • • • , Qn), t = 1, ■ ■ ■ , n, can not have the form Theorem 2.5.(2) for any 
choice (Q 2 , ■■■ , Q n ) with Qi G Vur(Hi). 

As tp is strict convex combination preserving and ram/> is non-collinear, by Lemma 2.3, we 
have ip{p) = for all p G S scp (Pi ® ■ ■ ■ ® P n ), where T : £ sa (Pi <g ■ ■ ■ ® P n ) -> £ sa (Pi ® 

■••(g) P n ) is a linear map, P G B sa (Hi (g) • • • (g> P n ) is an operator, / : B sa (Hi (g) • • • <g> P n ) — )■ R 
is a linear functional and 6 G R with /(p) + 6 > for any p G 5 scp (Pi (g • • • (g H n ). Since 
Pi (g P2 <g • • • <g Pn is finite dimensional, T, / are continuous. It follows that ip is continuous 
and so (j) r (-, Q2, ■ ■ ■ ,Q n ) is continuous on S(H\) for each r = 1, • • • ,n, this ensures that 
0r( - ) Q2, • • • , <5n) can not be the form Theorem 2.5.(2). 

Claim 2. For any r G {1, 2, . . . , n}, either 4> r (-, Q2, ■ ■ ■ , Qn) has the form Theorem 2.5.(1) 
for all Qj G Vur(Hi) or </> r (-, <32> • • • , Q n ) has the form Theorem 2.5.(3) for all Qi G Pnr(Pj). 

Fix Ai G <S(Pi) with rank^i > 2. Define F Al , r ■ (Vur(H 2 ), ■ ■ ■ ,Vur{H n )) -> R by 

P4i,r(Q2, • • • ,Qn) = \\(f> r (Al,Q2, " " " ,Qn)|b- 

It is clear that, when (f) r (-, Q2, ■■• , Qn) has the form Theorem 2.5.(1), Fjy ljr (Q 2 , • • • , Q n ) = 1; 
when r (-, Q2, • • • , Qn) has the form Theorem 2.5.(3), i*Ai,r(Q2j ' ' ' , Qn) < 1- Then similar to 
the argument of Claim 1 in the proof of Theorem 3.2, we obtain that either (p r {-,Q2, ■ ■ ■ , Qn) 
has the form Theorem 2.5.(1) for all Qi G Vur(Hi) or 4> r (-, Q 2 , • • • , Q n ) has the form Theorem 
2.5.(3) for all Qi G Vur(Hi). 

Claim 3. For any choice (Q2, ■ ■ ■ , Q n ) G (Pur(H 2 ), . . . , Vur(H n )), at most one of the maps 
0r(-,Q2, • • • ,Qn), r = 1, • • • ,n, has the form Theorem 2.5.(3) and all the exceptional maps 
have the form Theorem 2.5.(1). 

Assume that there exists (Q 2 , . . . , Q n ) so that both the maps 

(f>s{-, Qi-, - - , Qn) and <f) t (-, Q 2 , - - , Qn) 

have the form Theorem 2.5.(3) for some distinct s,t. Then consider the map L : S(H\) — > 
S(K S (g K t ) defined by L(A) = Tr s, *(V'(A (g (<g" =2 Qi)))- Obviously, L is strict convex com- 
bination preserving and L(P) = (f> s (P, Q2, ■■■ , Qn) <g <MP Q2, ■■■ , Qn) G Vur(K s (g P t ) for 
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all P G Vur(Hi). Because (f> s (-,Q2,- ■ ■ ,Q n ) and <pt( m ,Q2, ■ ■ • ,Qn) ar e of the form Theo- 
rem 2.5.(3), there exist injective linear or conjugate linear operators M s and M t such that 

<f>s(P,Q2,--- , Qn) = T^M a PM*) and <MP Q2, • • ■ , Qn) = Tr^fpM*) ' respectively. It follows 
that 

(M a <g> M t )(P ® P)(M S ® M t )* 



L(P) 



Tr((M s M t )(P ® P)(M S ® M t )*) ' 
Following the same argument as Claim 2 in the proof of Theorem 3.2, one can get a contra- 
diction. 

Applying the same argument on the map (j) r (Qi, ■ ■ ■ , Qp-i, (•)> Qp+i, • • • , Qn) : <S(Pp) — > 
S(K r ), one sees that Claim 1 to Claim 3 also hold for any p = 2, • • • , n. 

Now, by a similar approach as that in the proof of Theorem 3.2, it is easily seen that one 
of the following holds: (i) ip contracts to a separable pure state; (ii) ip('Pur(Hi) ®Vur(H2) <8> 
• • ■Vur(Hn)) contains two separable pure states al,a2 and ran(^) C [eri,^]; (hi) ran(^) is 
non-collinear, ip maps product states to product states and, for any p G S sep (Hi <g> H2 <8> • • • ® 
H n ), at least one of reductions Tr l (ip(p)), i = 1, 2, . . . , n, is a pure state; (iv) ip sends product 
states to product states and there is a permutation (7r(l), • • • , 7r(n)) of (1, • • • ,n) such that 
^-^(Qii ' ' ' )Qp-i) (-))Qp+i)" ' ' 'Q") nas tne form Theorem 2.5.(3) for all Qj G Vur(Hi). 

Therefore, if the range of tp is non-collinear or singleton, then tp sends product states to 
product states, that is, the statement (1) holds. 

Furthermore, if there exists p G tS scp (Pi<X> P2® ■ ■ -®H n ) such that all reductions Tr*(V>(p)), 
i = 1,2, ... ,n, have rank > 2, then only (iv) can hold. Thus, there exist a permutation it 
of (1,2, ... ,n) and injective linear or conjugate linear (may not simultaneously) operators 



Mi : H n ty -> Ki such that </>i(Qi,--- ,P n ^),--- ,Q n ) : S(H n ^) -> <S(.fQ) is of the form 

M iP7r(i) Mf 

<r(i) 7 



Pt(0 ^ TriMiZmMr) - Moreover, 



#Pi®---®P„)=0i(Pi,--- ,P„)®---®^„(Pi,-- - ,P„) 

= 01 (Ql,-- - >Ptt(1)>--- ,Qn)®---®0n(Ql,-- - ^(n),"" ,Qn) 
TriMiP^M*) Tr(M„P, (n) M*) 

for any Pi <g) ■ ■ ■ <8> P n G Vur(H\) <g> ■ ■ ■ <8> Vur(H n ). Then it is easily checked that 

^ ( 1 ® ' ' ' n) " Tr( Ml A n{1) M{) ® ■ ■ ■ ® Tr(MA W M*) 

for any A ® ■ ■ ■ ® Ai G <?scp (Pi <8> • • • <8> P n ) • Now an argument similar to the proof of Corollary 
3.4 entails that 

(Mi ® ■ ■ ■ <g> M n )S n (p)(M 1 <g> ■ ■ ■ ® M n ) 



Hp) 



Tr((Mi <g> ■ ■ ■ ® M n )0 ff (p)(Mi <g> • • • <g> M n )*) 
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holds for all p £ S scp (Hi ®H 2 ®---®H n ). Here 9^ : B sa (Hi ® H 2 ® ■ ■ ■ ® H n ) B sa (H n(1) ® 
Hn(2) ®---® -ffvr(n)) is the linear map determined by Q^{A\ ® A 2 ® ■ ■ ■ ® A n ) = A n ^ ® A n ^ 2 ) ® 

■ • • ® A n ( n y Obviously dimH n ^ < dim K{, i = 1, ■ ■ ■ , n. So the statement (2) is true. □ 

The following result is corresponding to Theorem 3.5. 

Corollary 4.2 Let tp : S sep (Hi ® H 2 ® ■ ■ ■ ® H n ) — > S scp (Ki ® K 2 ® ■ ■ ■ ® K n ) be a bijective 

map with 2 < dim Hi < oo, i = 1,2, ••• ,n. Then ip is strict convex combination preserving 

if and only if there exist a permutation tt of (1,2, • • • , n) and invertible linear or conjugate 

linear (may not simultaneously) operators Mj : H^^j) — > Kj, j = 1, • • • ,n, such that 

= {Mi ® ■■■ ® M n )@^(p)(M* ® ■ ■ ■ ® M*) 
W[P) Tr((Mi ® ■ ■ ■ ® M n )6^(p)(M 1 * ® ■ ■ ■ ® M*)) 1 ' ' 

holds for allpe 5 sep (-H"i(8)- ■ -®H n ). Here @ w : B SSi (Hi®H 2 ®---®H n ) -> B^H^ ®H n{2 - ) ® 

■ ■ -®H n ( n -)) is the linear map determined by Q n (Ai®A 2 ®- ■ -®A n ) = A^^^A^^® - • -®A^^ n y 
It is clear that dim -f^Q) = dim Kj . 

Proof. For "only if part, it is clear that the assumptions on tp implies that ip{Vur{Hi) ® 
Vur(H 2 ) ®---® Vur(H n )) = Vur(K x ) ® Vur{K 2 ) ®---® Vur{K n ). Then by Theorem 4.1, 
ip has the form Eq.(4.1) with each Mj bijective. The "if part is obvious. □ 

5. Conclusion 

Let M € B(H, K). The quantum measurement map (pM defined by 4>m{p) = Tr^MpM*) f rom 
the convex subset Sm{H) = {p '■ MpM* ^ 0} of the (convex) set S{H) of states into S{K) is 
strict convex combination preserving and sends pure states in Sm(H) to pure states. Similarly, 
each local quantum measurement map p i— > T^^j^^M^piM^^M*)) P reserves separable pure 
states and strict convex combinations. Above facts make it interesting to study the problem 
of characterizing the maps between convex subsets of states in (multipartite) quantum systems 
that are (separable) pure state preserving and strict convex combination preserving, that is, 
the problems (1°) and (2°) mentioned in the introduction section. These problems are basic 
and interesting both in quantum information science and mathematics science, and their 
solutions will present a geometric characterization of (local) quantum measurements and help 
us to understand better the quantum measurement. 

Though we are not able to solve these problems thoroughly in the present paper, we can 
give a characterization of the maps tp '■ S(H) — > S(K) with 2 < dimH < oo that preserve 
pure states and strict convex combinations, and give a structure theorem of the maps <p : 
S(Hi ®H 2 ®---® H n ) — > S(K\ ® K 2 ® ■ ■ ■ ® K n ) with 2 < dim Hi < oo that preserve separable 
pure states and strict convex combinations. From these results we get a characterization of 
injective (local) quantum measurements. In almost all situations, for example, if the range of 
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eft is non-collinear or a singleton, then (ft sends product states to product states. In particular, 
if the range of (ft is non-collinear and contains an element with each reduction having rank > 2, 
then (ft is essentially an injective local quantum measurement. Thus we answer affirmatively 
two conjectures proposed in [8]. 

It is now clear that, to solve the above problems (1°) and (2°), one have to consider the 
situations that the domains of the maps are not the whole set S(H) (S scp (Hi§s>H2®- ■ -®H n )). 
We may assume that the domain of the strict convex combination preserving and (separable) 
pure state preserving maps are those convex subset which are complement of some face of 
S(H) (5 sep (^i ® H 2 <g> • - • ® H n )). 

Finally we remark that, the main results obtained in 0[H] hold for both finite dimensional 
systems and infinite dimensional systems. However, in the present paper we only deal with 
finite dimensional systems. We conjecture that the results in this paper are also valid for 
infinite dimensional case. 
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